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Plane problems on the distribution of a two-dimensional  magnetic field in magnetohydro-  
dynamic channels with fer romagnet ic  walls at appreciable magnetic Reynolds numbers  
and p resc r ibed  flow hydrodynamics  are  studied. An integral  representa t ion for the total 
magnetic  induction is const ructed  with the use of a complex influence function descr ibing 
the field result ing f rom a unit cur ren t .  This makes it possible to obtain a rb i t r a r i ly  c lose 
approximations to exact solutions of the problems on a digital computer .  Influence func- 
tions for var ious channels can be determined by m i r r o r  ref lect ions and conformal  map-  
pings. The method is i l lus t ra ted by numerica l  calculations of the distribution of the m a g -  
netic field for the flow of a conducting fluid along a plane fer romagnet ic  wall and the flow 
of a fluid in the space between fer romagnet ic  walls .  Calculations are  ca r r i ed  out on the 
effect of an external  c i rcui t  and an inhomogeneous t r ansve r se  velocity profile on the d i s -  
tribution of the magnetic field. 

In conducting magnetohydrodynamic (MHD) channels with finite dimensions,  the magnet ic  field is in 
general  th ree-d imens iona l  when the magnetic Reynolds number (R m) is appreciable.  However,  if the ex-  
ternal  magnetic field B e is paral le l  to the electrode walls and end effects are suppressed (for instance, by 
longitudinal, nonconducting parti t ions at the entrance and exit), then, subject to cer tain res t r ic t ions  on the 
geomet ry  of the cur ren t  taps and the distributions of the velocity u and the conductivity a ,  the equation for 
the e lec t r ic  potential when Rm ~ 1 has a s~olution [1] corresponding to a homogeneous e lectr ic  field. Such 
a case  is real ized,  for instance,  when the entire surfaces  of the paral le l  e lect rodes  are  covered  with suffi-  
ciently long, highly conducting cur ren t  taps,  pointing in the direction of the z axis, normal  to the planes of 
the e lec t rodes ,  and u and (r are  independent of z.  In such a channel the distribution of the total two-com-  
ponent magnetic field is two-dimensional :  B = (Bx, By, 0) (the cur ren t  is in the z direction).  

The induction B can be found by the method of represent ing B x and By in se r ies  form and matching 
the solutions at the walls of the channel [2]. 

More general  ways of solving plane MHD problems when the magnetic permeabi l i ty  is homogeneous 
(u = t~ 0 = const) involve the formulation of an integral equation for the t r ansve r se  component of B, using 
the Green function for the magnetic vector  potential [3,4], or the direct  insert ion of Ohm's  law into the 
B i o t - S a v a r t  law [5]. By the lat ter  method it is possible to solve cer tain problems for p lane-meridian 
fields in which the construct ion of the Green ' s  function for the vector  potential is difficult [6]. 

If the la tera l ,  nonconducting walls of the channel are  bordered  with a steel conductor of magnet ism,  
the two-dimensional  formulation of the problem on the distribution of B becomes more  r igorous .  The re -  
fore the res t r i c t ions  on the geomet ry  of the e lect rodes  in plane problems can be relaxed and the influence 
of the external  c i rcui t  on the distribution of Bin the channel will be different in its dependence on the or ien-  
ta t ionof the  cur ren t  tapes .  However, when steel walls are  present  the integral  representa t ion of B becomes 
more  complicated.  For  some MHD channels of canonical  form the effect of s teel  walls can be taken into 
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account by the method of reflection of the cur ren ts  in the channel and use of the B i o t - S a v a r t  law, counting 
the ref lected cur ren t s  as real  also. Application of conformal  mapping makes it possible to widen the c lass  
of problems that admit of an integral representat ion for B. 

1. Flow of a Conducting Fluid along a Plane Fer romagnet ic  Wall. Let the fluid flow along a wall with 
magnetic permeabi l i ty  #2, situated in the region q --- 0 of the complex plane s = p +iq. Everywhere  above 
the wall # = ~ I. The quantities lz 2 and # 1 can be commensura te  (when the wall i s  made of saturated or mag-  
net ical ly stable steel) .  For  q > 0 there is a plane external  magnetic field B e = Bep + iBeq. Currents  flow 
in the region 0 ~ p -<l,* 0 -<q -< 6(p), where ~i(p) is the upper wall of the channel or  the free boundary of 
the s t ream,  and close symmet r i ca l ly  with respec t  to the working zone as I s [ ~ 0% The conductivity ~ (s) and 
the velocity u(s) = Up + iuq of the fluid are  p resc r ibed .  It is required to find the total magnetic field B(s) 
for q > 0. Such a problem may be encountered in the flow of a conducting fluid in an open flume with a f e r r o -  
magnetic floor [7], in the study of pel l icular  MHD flows [8], pumps with unidirectional inductors,  etc. 

The boundary conditions require  the continuity of Bq and Bp/tZ on q = 0, the continuity of - ~  < p < ~ ,  
and Bp and Bq on the remaining boundaries of the region containing cur ren ts ,  and attenuation of B i as Is I--  
~ .  Account can be taken of the influence of the steel wall if for every  cur ren t  di = j (s ')dp'dq' in q > 0 a 
fictitious ref lected cur ren t  clio in q < 0 is const ructed so that the boundary conditions are  sat isf ied.  The 
magnetic sel f - f ie ld  dBi(s) at a point s(q > 0)'of a cur ren t  j (s ')dp'dq' at the point s'{q > 0) is 

dBi = L (s, s') ] (s') dp'dq',  L (s, s') = Lp + iLq (1.1) 

where L(s, s ' )  is a cer ta in  influence function that takes account of the real  and the ref lected cur ren t .  Using 
S i r l ' s  well-known solution of the problem (see, for instance [9]), we obtain 

| [ qt--q [X'a--~' q-~q" .] (1.2) L ,  = ~ (q -- q')~ + (P - - f )="  I~= + ;t~ (q + q'p + (p -- p')~ 

[ ~=--I~' p - - p '  ] i P--  P' + ,  (1.3) Lq = ~ . (q..~ q,)= _~ (p  - -  p,)Z ~t, -{- ~1 (q -~ q,)2 _}_ (p  __ p,)2 

The field B i (s) of all the cur ren ts  in the fluid is determined as 

Bt(s) = B(s)  -- B~(s) = ~ L(s ,  s ' ) ] ( s ' )dp 'dq '  
$ 

(1.4) 

Inser t ing Ohm's  law j = o" [E + Ira(fiB)] into this,  we a r r ive  at the complex integral  equation 

B (s) -- ] L (s, s')~ (s') I m [= (s') B (g)] dp'dq" = Be (s) 
P 

$ 

+ ~ L ( s ,  s ' )~(s ' )  Edp'dq'  (1.5) 
$ 

If E is independent of s, then, under the conditions that (r (s), u(s), and E are  bounded and that L(s, s ' )  
is integrable,  Eq. (1.5) is of F redho lm ' s  type. It is equivalent to a sys tem of two real  integral equations 
for Bp and Bq, which can be solved by numerica l  methods.  If (1.2) and (1.3) a re  inserted into Eq. (1.5), the 
lat ter  is equivalent to the B i o t - S a v a r t  law in which the real  cur ren t s  in the fluid [first t e rms  in (1.2) and 
(1.3)] a re  taken into account as well as the ref lected cu r ren t s  [second t e rms  in (1.2) and (1.3)]. It is c h a r -  
ac ter i s t ic  that as s '  ~ s the second t e rms  in (1.2) and (1.3) vanish and the function L(s, s ' )  becomes the 
same as that for a line current,  in a nonmagnetic medium: 

i (L arc etg p -- p'. + p,)~l-V, L(s ,  s') ----- ~-exp ~ - -~ )  [(q -- q')~ (p -- 

F r o m  this it follows that the s ingulari ty of the kernel  of the integral  equation (1.5) is a simple pole 
and consequently the Fredholm theory  is valid for (1.5). If Up >> Uq, (1.5) reduces to a single rea l  Fredholm 
integral  equation with an improved kernel  s ingulari ty 

1 5 (p) 

o o 
(1.6) 

* The cur ren t s  are  normal  to the  s plane. 
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1 5 (p) 

-- R , ~  ~ nq(s, s'l~(s')uv(s')[Bq(s' ) -- Bq(s)ldp'dq' 
N n 

1_ ~ ( p )  

0 0 

and a de f in i t e  i n t e g r a l  fo r  Bp (s) 

r (p) 

Bp(s) = R,~ ~ y fLy(s, s')~(s') up(s')Bq (s') ~- E i v ( s  , s ' ) :  (s')] dp'dq' {1.7) 
0 O 

H e r e  a l l  l i n e a r  d i m e n s i o n s  a r e  d i v i d e d b y / ,  B by  B0, a by  a0 ,  u b y  u 0, E by  u0B 0, w h e r e  r e f e r e n c e  
quan t i t i e s  a r e  d i s t i n g u i s h e d  b y  the  s u b s c r i p t  z e r o ,  and R m = ~0(T0u0l. 

U s i n g  r e l a t i o n s  {1.6) and (1_ .7), we can  ob ta in  a r b i t r a r i l y  c l o s e  a p p r o x i m a t i o n s  to  e x a c t  s o l u t i o n s  of 

the  p r o b l e m  by n u m e r i c a l  m e t h o d s .  

2. F l o w  in a S t r i p .  The  f lu id  m o v e s  in an in f in i t e  s t r i p  0 ~ y -< 5 (5 = cons t )  wi th  the  v e l o c i t y  u x {x,y) 
in the  f i e l d B = B  x + i B y .  We have  ~ =  go in 0 <  y < 5 ,  g = ~ i n y > -  5, y<_ 0. C u r r e n t s  f low in the  r e g i o n  
0 <- x <- l ,  0 <- y <- 6 and c l o s e  t h r o u g h  an e x t e r n a l  c i r c u i t ,  a r r a n g e d  e i t h e r  s y m m e t r i c a l l y  to ,  o r  to the  
l e f t  o r  r i g h t  of the  w o r k i n g  z o n e .  

T h i s  m o d e l  c o r r e s p o n d s ,  fo r  i n s t a n c e ,  to  the q u a s i s t e a d y  m o t i o n  of a s h o r t ,  l ong i t ud ina l  c l u s t e r  b e -  
tween  long,  l i n e a r  e l e c t r o d e s  p l a c e d  in the  gap  of  an e l e c t r o m a g n e t  w i th  s t e e l  p o l e s ,  o r  to  the  m o t i o n  of an 
a x i s y m m e t r i c  a n n u l a r  p i s t o n  in a s m a l l  gap  b e t w e e n  c o a x i a l  s t e e l  w a l l s .  If  con t inuous  f low in a channe l  i s  
c o n s i d e r e d ,  then the  p r e s e n c e  of nonconduc t ing  l ong i t ud ina l  p a r t i t i o n s  in the  r e g i o n s  x < 0, x > l i s  a s s u m e d .  
In the  l a s t  c a s e  the  e x t e n s i o n  of the  s t e e l  w a l l s  o u t s i d e  the  r e g i o n  0 <- x <_ l w i l l  be  l i m i t e d .  H o w e v e r ,  a s  
i n d i c a t e d  by  a p p r o x i m a t e  e s t i m a t e s ,  the  e f f ec t  of the  edge  of a po le  i s  p r a c t i c a l l y  a b s e n t  in a gap  of wid th  5 
at  d i s t a n c e s  l a r g e r  than  5 f r o m  the  edge  when R m  <- 10 [5]. 

We a s s u m e  a t  f i r s t  t ha t  the  e x t e r n a l  c i r c u i t  c o n n e c t e d  to  the  e l e c t r o d e s  is  a r r a n g e d  s y m m e t r i c a l l y  
wi th  r e s p e c t  to x about  the  w o r k i n g  r e g i o n .  Then  the  b o u n d a r y  c ond i t i ons  fo r  the  p r o b l e m  a r e  the  fo l lowing :  
B x = 0 on y = 0, y = 5 ; Bx and By a r e  con t inuous  on the  b o u n d a r i e s  x = 0, x = l ; and B i y l x =  ~ = - B i y l x = _ _ ~ .  
As  in Sec .  1, the  p r o b l e m  can  be r e d u c e d  to an i n t e g r a l  equa t ion  if  an i n f luence  funct ion in a r e l a t i o n s h i p  of 
the  t ype  (1.1) c a n  be found.  C o n s t r u c t i o n  of L(z ,  z ' )  can  be  c a r r i e d  out b y  the  m e t h o d  of r e f l e c t i o n s  [9]; h o w -  
e v e r ,  a m o r e  d i r e c t  w a y  i n v o l v e s  the  c o n f o r m a l  m a p p i n g  of the  gap  0 <- y - 5 in the  p l ane  z = x + iy  on the  
u p p e r  h a l f - p l a n e  s = p + iq  b y  m e a n s  of the  funct ion  s = exp ( v z / 5 ) .  Th i s  e n a b l e s  one to m a k e  i m m e d i a t e  
u s e  of s o l u t i o n s  ob t a ined  e a r l i e r .  A s  the  in f luence  func t ions  L a r e  a n a l y t i c  e v e r y w h e r e  in the  z and s p l a n e s  
wi th  the  e x c e p t i o n  of the  po in t s  s = s ' ,  z = z ' ,  t hey  can be e x p r e s s e d  in t e r m s  of a c o m p l e x  p o t e n t i a l  

dO (s) L z (z, z') = d~z!z) (2.1) L s(s, s ' ) = ~ ,  

(the b a r  deno t e s  complex:  c o n j u g a t e ) .  

B e c a u s e  of the  i n v a r i a n c e  of the  L a p l a c e  o p e r a t o r  we have  �9 (z) = 4) [s (z)] w he nc e ,  a f t e r  d i f f e r e n t i a t i o n  
and c o n v e r s i o n  to con juga t e  v a l u e s ,  we obta in  

L z ( z , z ' ) = L  s ( s , s ) ~ z ,  L z=L.~+iL~,  
I [ sian(y-~-y')[8 sinu(y--y')/8 ] 

L x =  --45 L chg(x- -  x')/8--cos~(y~-y')/8 ~- chg(x--x')/5--cos~(y~y~)/gJ (2.2) 

~(~--~') lS--cos~(y+y') l~ + ch ~ (z-- ~-T~ ~ c o ~ - -  y')/~ ] (2.3) 

I t  i s  e v i d e n t  tha t  the  f o r m  of  t he  funct ion  L (z, z ' )  e n s u r e s  tha t  a l l  b o u n d a r y  c ond i t i ons  of the  p r o b l e m  
a r e  s a t i s f i e d .  

A s y m p t o t i c  e s t i m a t e s  e n a b l e  one to  i s o l a t e  s i n g u l a r  t e r m s  in (2.2) and (2.3), t h e s e  having  s i n g u l a r i t i e s  
of the  s a m e  o r d e r  as  t h o s e  tha t  o c c u r  in p r o b l e m s  tha t  do no t  invo lve  s t e e l  w a l l s .  
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Suppose now that the external c i rcui t  is not symmet r i c  with respec t  to the channel, and is located at 
a sufficient distance from it. In the problem under considerat ion the influence of the external c i rcui t  cannot 
be neglected since B i does not die out as x --* • oo F r o m  physical considerat ions it follows that the remote  
external c i rcui t  affects only the distribution of By in the channel, but not that of B x [this, in par t icular ,  is 
evident f rom (2.27 and (2.3) if x' -* • ~ ]. 

Every  cu r ren t  element in the working zone, flowing into the external  c i rcui t  (which also compr i ses  
the e lect rodes  and the cu r r en t  tapsT, produces a cer tain homogeneous,  t r a n s v e r s e  field in the working zone, 
of which account can be taken by writing 

L(v ~) = Lv + ~'/4 6 

where Ly is defined by (2.3) and ~ = const .  If the external  c i rcui t  is c losed to the right of the channel the 
entire cur ren t  to the r ight of x = -oo vanishes and consequently L(v e) x= - ~  = 0 when T = 2. If the external 
c i rcu i t  is c losed to the left of the channel, then ~ = - 2. 

J 

When construct ing an integral  equation for By on the basis  of relat ionships of the type (1.4)and (1.5), one 
must  keep in mind the fact  that the e lec t r ic  field s t rength E depends on the operating conditions of the chan-  
nel and on the p a r a m e t e r s  of the external c i rcui t  and cannot be prescr ibed  a rb i t ra r i ly .  Let the external  
c i rcui t  have a total conductivity ge and a source  of emf s  opposed to the emf of the channel. Then, acco rd -  
ing to the method of nodal potentials of c i rcui t  theory,  we have 

1 5  1 8  

O 0  O0 

where gi is the internal conductivity of the channel, h is the distance between the e lectrodes ,  and >t = gi / 
(gi + ge). We shall  conver t  to dimensionless pa ramete r s  by dividing e by u0B0h, and gi by % 12/h (see Sec. 17. 
In accordance  with (1.5) and (2.47 the distribution of By in the channel is descr ibed by the following F r e d -  
holm equation with kernel  having a simple pole and improved singulari ty:  

0 0  0 0  
1 5 

0 0 

(2.57 

where the kernel  is 

. 1 5  

0 0  

For  e ~ 1 the channel consumes power f rom the external  c i rcui t  and operates  in the propellent (pump- 
ing) mode.  When 0 -< e ~ 1 a drain of power f rom the channel into the external  c i rcui t  occurs .  

If a = cr (x) and Ux = Ux(X) the problem has a one-dimensional  solution for By since B x -- 0 everywhere .  
In fact,  in this case  the well-known equation for the inductions gives for B x 

eBb: 
v~-Bx -- ~ou ~ = 0 (2.6) 

As Bx = 0 on the walls and at x = • ~', it follows from the uniqueness of the solution of the Dirichlet  
problem for (2.6) that Bx - 0. 

3. Flow in an Exit Cone.  The fluid moves in a plane, conical diffuser with ideally fer romagnet ic  
la tera l  walls* at 7) _< 0, go >- go0 = ~ /n  (a = const),  0 -< p < ~ .  Production of a conducting flow in the chan- 
nel is accomplished ei ther  by the introduction of the working medium through small  holes in the walls or  by 
a chemical  react ion in the neighborhood of p = 0. The velocity of the medium is directed radial ly:  Up @, go); 
e lec t r ic  cu r ren t s  flow in the region P0 -< P - P0 + l in a direction perpendicular  to the plane of the problem 
(axisymmetric model) or through an external c i rcui t  as p ~ ~ .  

* Po la r  coordinates  are  employed.  
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T h e  b o u n d a r y  c o n d i t i o n s  a r e  s i m i l a r  to  t h o s e  in  the  p r e v i o u s  p r o b l e m  w i t h  the  d i f f e r e n c e  t ha t  now the  
s e l f - f i e l d  B i of  the  c u r r e n t s  in  the  c h a n n e l  d i e s  ou t  at  i n f i n i t y .  M a p p i n g  the  c h a n n e l  s e c t o r  in  t he  p l a n e  of  
o0 = ~ + iv  = Pe  ig~ on t h e  s t r i p  0 - y <- 5 in  the  z p l a n e  by  the  f u n c t i o n  z = ( 6 / v ) n l n  w and  u s i n g  the  e x p r e s -  

s i o n s  (2.2) and  (2.3), we o b t a i n  

n { s in n (~ + (p') 
L o (o~, r = - -  ~ ~ I(P / P')'~ ,-f- (P ' /P )~I .  cos n (r q- q~') 

sin n (r - -  q~') } 
+ b'-.5 [(p / p')" + (p' / p)'~l - cos n (cp - q),) 

n { (p / p,)'~ - -  (,o, / p)'~ 
L~ (o), (o ' )=  ~ (P/P')r'+(fa'lP)n--2cosn(eP'~'CP ') 

(p / p')'~ _ (p, / p)'~ } 

q- (p / p,)n + (p, / p),~ _ 2 cos n (tp --  q)') 

A s  the  v e l o c i t y  of the  m e d i u m  is  r a d i a l ,  t h e  p r o b l e m  r e d u c e s  to  an  i n t e g r a l  e q u a t i o n  fo r  Bg o and  a 
d e f i n i t e  i n t e g r a l  f o r  B p .  

4 .  F l o w  in  a H a l f - S t r i p .  T h e  p r o b l e m  c o r r e s p o n d s  to the  m o d e l  of Sec .  2, bu t  the  m a g n e t i c  c i r c u i t  i s  
n o w  c l o s e d  on  the  l e f t  of the  w o r k i n g  z o n e :  tt = t*0 in  the  h a l f - s t r i p  x > 0, 0 < y < 5 a n d  ~ = ~ o u t s i d e  t he  
h a l f - s t r i p .  C u r r e n t s  f low in  the  r e g i o n  x 0 < x < x 0 + l ,  0 < y < 5 and  a r e  c l o s e d  at  i n f i n i t y .  T h e  b o u n d a r y  
c o n d i t i o n s  c o r r e s p o n d  to t h o s e  of the  p r o b l e m  of  S e c t i o n  2, bu t  for  e v e r y  c u r r e n t  d i '  = j ( z ' ) dx ' dy '  in  the  
f l u i d , i t s  m a g n e t i c  f i e l d  dBiy(X) a t  l a r g e  v a l u e s  of x is  e q u a l  to ~ 0 d i ' / 5  and  dBix  ~ 0. T h i s  p e r m i t s  u s  to  
c o n s t r u c t  L (z, z ' )  = L x + i L y  in  the  f o r m  

4~[ sin r~ (y q- y') / 8 
Lx  = --  eh n (x ~- x') / 5 --  cos :x (y q- y') / 5 

sin ~t (y - -  y') / 5 siu a (y -~- y') / 
~- c h z ( x - } - x ' ) / 6 - - c o s a a ( y - - y ' ) / 6  @ eha~ ( x - x ' ) / 6 - c o s a z ( y q -  y ' ) / 6  

si}:,(y-r 
+ r = (2 - ~'--yTT-%oT~ ~ -  y') ~ 6 ] 

Lv = 7fin (x q- z') / 5 -- cos n (y + y') / 5 -} ch z (2 + x') / 5 --  cos a* (y --  y') / r 

sh n (z -- x') / 5 sh n (x -- z') / 5 ] 
@ c h ~ ( x - - x ' ) / 5 - - c o s ~ ( y ~ - y ' ) / 5  -~- c h n ( x - - x ' ) / 5 - - c o s a ( y - - y ' ) / 5  

As in  t he  c a s e  of S e c .  2, t he  p r o b l e m  r e d u c e s  to  an  i n t e g r a l  e q u a t i o n  fo r  By a n d  a d e f i n i t e  i n t e g r a l  
fo r  B x .  

5.  S o m e  G e n e r a l i z a t i o n s  an d  N u m e r i c a l  C a l c u l a t i o n s .  T h e  p r o c e d u r e  d e v e l o p e d  a b o v e  c a n  be  a p p l i e d  
f o r  a r b i t r a r y  c h a n n e l s  w i t h  i d e a l l y  f e r r o m a g n e t i c  w a l l s  (u c ~ ~o), a l l o w i n g  m a p p i n g s  on to  c a n o n i c a l  r e g i o n s  
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and fo r  c h a n n e l s  wi th  w a l l s  hav ing  f in i te  p e r m e a b i l i t y  i f  one 
s u c c e e d s  in c o n s t r u c t i n g  a c o m p l e x  a n a l y t i c  in f luence  funct ion 
L (P, M) d e s c r i b i n g  the  f i e ld  at  a po in t  P due to  a uni t  c u r r e n t  
a t  M. Methods  fo r  the  c o n s t r u c t i o n  of L fo r  v a r i o u s  p r o b l e m s  
wi th  # c "* oo and wi th  f in i te /~  c a r e  we l l  known in a p p l i e d  e l e c -  
t r i c i t y  ([9, 10] e t  a l . ) .  Thus ,  the  ques t ion  c o n c e r n s  a F r e d -  
h o l m  i n t e g r a l  r e p r e s e n t a t i o n  of a n o n a n a l y t i c  funct ion (f ields  
f o r  R m ~ 1) in t e r m s  of  a n a l y t i c  func t ions ,  the t h e o r y  of 
wh ich  h a s  been  d e v e l o p e d  qui te  fu l ly .  

In a n u m b e r  of  p lane  p r o b l e m s  wi th  /~c ~ oo the i n t e g r a l  
r e p r e s e n t a t i o n  fo r  B can  be  ob t a ined  by  u s i n g  the  G r e e n ' s  
funct ion  G fo r  the v e c t o r  po t e n t i a l ,  the  c o m p o n e n t s  of  L be ing  
e x p r e s s e d  in t e r m s  of d e r i v a t i v e s  of G wi th  r e s p e c t  to the  
l ong i t ud ina l  and  t r a n s v e r s e  c o o r d i n a t e s .  H o w e v e r ,  in p r o b l e m s  
invo lv ing  s t e e l  w a l l s  G m u s t  be  c o n s t r u c t e d  f o r  a Neumann  
p r o b l e m  {because of  the  cond i t ion  r e q u i r i n g  the t a n g e n t i a l  c o m -  
ponent  of  B to van i sh  on the  wal l )  and th i s  of ten l e a d s  to d i f f i -  
cul t ies . .  F o r  f in i t  e/~ c the  d e r i v a t i o n  of G i s  even  m o r e  c o m -  
p l i c a t e d .  F o r  e x a m p l e ,  c o n s t r u c t i o n  of G f o r  the  m o d e l  of 
Sec .  1 wi th  c o m m e n s u r a t e / ~  1 and # 2 i s  a d i f f i cu l t  p r o b l e m .  

In e v e r y  c a s e  the  t h e o r y  d e v e l o p e d  above ,  b a s e d  on 
p h y s i c a l  i d e a s ,  g i v e s  a m o r e  d i r e c t  and g e n e r a l  way  of s o l v -  
ing p r o b l e m s .  

If  the  a n a l y t i c  d e t e r m i n a t i o n  of the  funct ion L i s  i m p o s -  
s i b l e ,  i t  can  be found a p p r o x i m a t e l y  in t he  fo l lowing  way .  Into 
a MHD c h a n n e l  wi thout  the  w o r k i n g  m e d i u m  (or in to  a m o d e l  
tha t  i s  g e o m e t r i c a l l y  s i m i l a r  to it) a c u r r e n t - c a r r y i n g  loop  i s  
i n t r o d u c e d  tha t  c o r r e s p o n d s  in shape  to a c u r r e n t  e l e m e n t  in 
t he  c h a n n e l  wi th  i t s  e l e c t r o d e s ,  and L i s  found fo r  a s e l e c t e d  
m e s h  of po in t s  wi th  the  l o o p  p l a c e d  at  v a r i o u s  p o s i t i o n s  by  
d i r e c t  m e a s u r e m e n t  of the  f i e ld  of the  loop .  

A s  i l l u s t r a t i o n  of the  r e s u l t s  ob ta ined ,  c a l c u l a t i o n s  of  
the  f i e l d s  of  the  p r o b l e m s  of S e c s .  i and  2 w e r e  c a r r i e d  out .  
I t  was  a s s u m e d  tha t  B e = B 0 = c o n s t ,  in the  s t e e l /~  --* oo, and  
t ha t  the v e l o c i t y  of  the  f lu id  had  only  one c o m p o n e n t  and w a s  
p a r a l l e l  to the  s t e e l  w a l l s .  The  to t a l  f i e ld  was  d e t e r m i n e d  
on ly  fo r  the  r e g i o n  w h e r e  j ;~ 0. 

In the  p r o b l e m  of Sec .  1 i t  was  a s s u m e d  tha t  E = 0 
( s h o r t - c i r c u i t  o r  a x i s y m m e t r i c  m o d e l )  

5 -= 50 -4- parc tg~, tga , ~  t, ~ = const, up = t/6(p) 

R e s u l t s  of c a l c u l a t i o n s  on a "NAIRI -2"  c o m p u t e r  for  
the  c a s e  60 = 0.1 a r e  shown in F i g s .  1 and 2. F i g u r e  1 has  
c u r v e s  fo r  Bq(p = 0) (curve  1 fo r  R m = 1, 2 for  R m  = 3, 3 and 
4 fo r  R m = 5 ; s o l i d  c u r v e s  fo r  (~ = 0, d a s h e d  fo r  (~ = T)  and 
c u r v e s  fo r  Bp(p,6) (curve  5 fo r  R m = 5, 6 f o r  R m = 1). With  
i n c r e a s i n g  R m d e m a g n e t i z a t i o n  at  the  e n t r a n c e  and m a g n e t i z a -  
t ion  at  the  ex i t  a r e  i n c r e a s e d ,  and the m a x i m u m  of  Bq@, 6) 
m o v e s  t o w a r d  the  e x i t .  F i g u r e  2 shows  c u r v e s  fo r  Bq(q) 
( cu rves  1-4)  and for  Bp(q) (curves  5-8)  a t  R m = 5 and (~ = 0 
(curves  1 and 5 fo r  x = 0, 2 and 6 fo r  x = 0.25, 3 and 7 fo r  x = 
0.75, 4 and 8 for  x = 1). The  c h a r a c t e r  of  the  change  in Bq(q) 
at  the  e n t r a n c e  i s  o p p o s i t e  to tha t  a t  the  ex i t ,  and Bp(q) i n -  
c r e a s e s  wi th  d i s t a n c e  f r o m  the  s t e e l  w a l l .  
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In the  so lu t i on  of the p r o b l e m  of  Sec .  2 a c a s e  was  c o n s i d e r e d  in which  
the  f low (piston) was  s e p a r a t e d  f r o m  the  s t e e l  w a l l s  by  n o n m a g n e t i c  c l e a r a n c e s  
of w id th  A .  Th i s  p r o b l e m ,  in add i t i on  to i n s t a n c e s  s p e c i f i e d  e a r l i e r ,  m a y  be of 
i n t e r e s t  in c o n n e c t i o n  wi th  the  m o t i o n  of a p l ane  f r e e  j e t  be tw e e n  s t e e l  po le  
p i e c e s .  I t  w a s  a s s u m e d  tha t  

o: const, ~ = i, 8= 0 ,  u =  u s  (y). 

R e s u l t s  of the  c a l c u l a t i o n s  a r e  shown in F i g s .  3 - 7 .  F i g u r e  3 h a s  c u r v e s  
fo r  By(X, 5 / 2 )  wi th  y = 2 (curve  1 fo r  R m  = 5 a n d A  = 0, 2 fo r  R m  = 3 a n d A  =0 ,  
3 fo r  R m  = 3 a n d a  = 0.125, 4 fo r  R m = 2 a n d A  = 0.5, 5 fo r  R m = 3 and A = 
0.25,  6 f o r R m = 2 a n d A = 0 . 2 5 ,  7 f o r R  m = 2 a n d A  = 0 . 3 7 5 ) .  G r o w t h  of By(x) 
i s  m o r e  r a p i d  for  l a r g e r  R m  and s m a l l e r  A .  F i g u r e  4 has  c u r v e s  fo r  B x (y) and 

ABy(y)  = [ B y ( y ) -  B y ( 5 / 2 ) ] / B y ( 5 / 2 )  wi th  R m = 2 at  v a r i o u s  c r o s s  s e c t i o n s  of the  channe l  (x = 0, 0.25, 0.5, 
0.75, 1). The  d a s h e d  c u r v e s  c o r r e s p o n d  to A = 0.25 and the s o l i d  c u r v e s  to  A = 0.125.  The  s c a l e s  of B x and 
a B y  a r e  r e f e r r e d  to the  c r o s s  s e c t i o n  a t  x = 0.5.  F i g u r e  5 has  c u r v e s  of Bx(X) wi th  R m = 2 fo r  d i f f e r e n t  
v a l u e s  o f y = c o n s t .  ( s m a l l  c u r v e  1 fo r  y = 0.755, 2 for  y = 0.6255).  

In the  c a s e  of  an i n h o m o g e n e o u s  v e l o c i t y  p r o f i l e  u x (y) the  m a g n e t i c  f i e ld  in the  c h a n n e l  i s  a l so  i n h o m o -  
geneous  even  f o r  A = 0. Th i s  c o n c l u s i o n  i s  c o n f i r m e d  by  c u r v e s  of ABy(y)  for  v a r i o u s  v a l u e s  of  x and a 
P o i s e u i l l e  p r o f i l e  Ux(Y) , shown in F i g .  6 (curve  1 fo r  x = 0, 2 fo r  x = 0.5, 3 fo r  x = 1; the  p l a n e  y = 0 in 
F i g .  6 c o n t a i n s  the  ax i s  of the  channe l ) .  In th i s  c a s e  the  c h a r a c t e r  of t he  change  in ABy(y)  a t  the  e n t r a n c e  
i s  o p p o s i t e  to  tha t  a t  the  e x i t .  In F i g .  7 the  t h r e e  u p p e r  s o l i d  c u r v e s  of By(X, 5 / 2 )  w e r e  c o n s t r u c t e d  for  a 
P o i s e u i l l e  p r o f i l e  Ux(Y), R m = 2, A = 0 and 7 = 2 and fo r  v a r i o u s  v a l u e s  of ~ (curve  1 fo r  ~4 = 0, 2 for  ~t = 
0.2,  3 fo r  ~ = 0.5) .  A s  ~ i n c r e a s e s ,  the  r o l e  of the  i nduc e d  f i e l d  d i m i n i s h e s .  F o r  c o m p a r i s o n  s i m i l a r  
(dashed) c u r v e s  of By{X, 5 / 2 )  fo r  a h o m o g e n e o u s  p r o f i l e  g iv ing  the s a m e  m e a n  f low r a t e  a r e  shown in the  
s a m e  f i g u r e .  I t  i s  e v i d e n t - t h a t  the  f i e l d  d i s t o r t i o n  i s  l a r g e r  fo r  the  P o i s e u i l l e  p r o f i l e .  The  d a s h e d  c u r v e s  
w e r e  c a l c u l a t e d  f r o m  an i n t e g r a l  equa t ion  and o n e - d i m e n s i o n a l  t h e o r y  (see,  fo r  i n s t a n c e ,  [5]). F o r  R m <- 5 
the  d i s a g r e e m e n t  d id  no t  e x c e e d  3%. C u r v e  4 in F i g .  7 was  c o n s t r u c t e d  fo r  A = 0, u x = c o n s t ,  cr = c o n s t ,  

= 0, R m = 5, 7 = 0 ( s y m m e t r i c  e x t e r n a l  c i r c u i t ) ,  and c u r v e  5, fo r  the  s a m e  c ond i t i ons  e x c e p t  w i th  y = - 2  
( ex t e rna l  c i r c u i t  to t he  l e f t ) .  

In c o n c l u s i o n  the  a u t h o r s  thank  G.  A .  L y u b i m o v ,  A .  B. V a t a z h i n ,  V.  V.  Gogosov ,  and A.  E .  Yakubenko 
for  u s e f u l  d i s c u s s i o n  of the  f o r m u l a t i o n  of t he  p r o b l e m  and of r e s u l t s  of the  s t u d y .  
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